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Abstract
The basic class of the non-integrable almost complex manifolds with Nor-
den metric is considered. Its curvature properties are studied. The isotropic
Ka¨hler type of investigated manifolds is introduced and characterized geomet-
rically.
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The generalized B-manifolds are introduced in [1]. They are also known as almost
complex manifolds with Norden metric in [2] and as almost complex manifolds with
B-metric in [3]. In the present paper these manifolds are called almost complex
manifolds with Norden metric.
The aim of the present work is to further study of the geometry of one of the
basic classes of almost complex manifolds with Norden metric. This is the class of
the quasi-Ka¨hler manifolds with Norden metric, which is the only basic class with
non-integrable almost complex structure.
In §1 we recall the notions of the almost complex manifolds with Norden metric,
we give some of their curvature properties and introduce isotropic Ka¨hler type of
the considered manifolds.
In §2 we specialize some curvature properties for the quasi-Ka¨hler manifolds with
Norden metric and the corresponding invariants.
1 Almost Complex Manifolds with Norden Met-
ric
Let (M,J, g) be a 2n-dimensional almost complex manifold with Norden metric, i.e.
J is an almost complex structure and g is a metric on M such that
(1.1) J2X = −X, g(JX, JY ) = −g(X, Y )
1
for all differentiable vector fields X , Y on M , i.e. X, Y ∈ X(M).
The associated metric g˜ of g on M given by g˜(X, Y ) = g(X, JY ) for all X, Y ∈
X(M) is a Norden metric, too. Both metrics are necessarily of signature (n, n). The
manifold (M,J, g˜) is an almost complex manifold with Norden metric, too.
Further, X , Y , Z, U (x, y, z, u, respectively) will stand for arbitrary differen-
tiable vector fields on M (vectors in TpM , p ∈M , respectively).
The Levi-Civita connection of g is denoted by ∇. The tensor filed F of type
(0, 3) on M is defined by
(1.2) F (X, Y, Z) = g
(
(∇XJ)Y, Z
)
.
It has the following symmetries
(1.3) F (X, Y, Z) = F (X,Z, Y ) = F (X, JY, JZ).
Let {ei} (i = 1, 2, . . . , 2n) be an arbitrary basis of TpM at a point p of M . The
components of the inverse matrix of g are denoted by gij with respect to the basis
{ei}.
The Lie form θ associated with F is defined by
(1.4) θ(z) = gijF (ei, ej , z).
A classification of the considered manifolds with respect to F is given in [2].
Eight classes of almost complex manifolds with Norden metric are characterized
there by conditions for F . The three basic classes are given as follows
(1.5)
W1 : F (x, y, z) =
1
4n
{g(x, y)θ(z) + g(x, z)θ(y)
+g(x, Jy)θ(Jz) + g(x, Jz)θ(Jy)} ;
W2 : S
x,y,z
F (x, y, Jz) = 0, θ = 0;
W3 : S
x,y,z
F (x, y, z) = 0,
where S is the cyclic sum by three arguments.
The special class W0 of the Ka¨hler manifolds with Norden metric belonging to
any other class is determined by the condition F = 0.
Let R be the curvature tensor field of ∇ defined by
(1.6) R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.
The corresponding tensor field of type (0, 4) is determined as follows
(1.7) R(X, Y, Z, U) = g(R(X, Y )Z, U).
Theorem 1.1. Let (M,J, g) be an almost complex manifold with Norden metric.
Then the following identities are valid
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(i) R(X, Y, JZ, U)−R(X, Y, Z, JU) = (∇XF ) (Y, Z, U)− (∇Y F ) (X,Z, U);
(ii) (∇XF ) (Y, JZ, U) + (∇XF ) (Y, Z, JU)
= −g
(
(∇XJ)Z, (∇Y J)U
)
− g
(
(∇XJ)U, (∇Y J)Z
)
;
(iii) (∇XF ) (Y, Z, U) = (∇XF ) (Y, U, Z);
(iv) gij (∇eiF ) (ej, Jz, u) + g
ij (∇eiF ) (ej , z, Ju)
= −2gijg
(
(∇eiJ) z,
(
∇ejJ
)
u
)
.
Proof. The equality (i) follows from the Ricci identity for J
(
∇X∇Y J
)
Z −
(
∇Y∇XJ
)
Z = R(X, Y )JZ − JR(X, Y )Z
and the property of covariant constancy of g, i.e. ∇g = 0.
The property (1.3) of F and the definition of the covariant derivative of F imply
the equations (ii) and (iii).
The equation (iv) is a corollary of (ii) by the action of contraction of X = ei and
Y = ej for an arbitrary basis {ei}(i = 1, 2, . . . , 2n) of TpM .
The square norm ‖∇J‖2 of ∇J is defined by
(1.8) ‖∇J‖2 = gijgklg
(
(∇eiJ) ek,
(
∇ejJ
)
el
)
.
A manifold (M,J, g) belongs to the class W0 if and only if ∇J = 0. It is clear
that if (M,J, g) ∈ W0, then ‖∇J‖
2 vanishes, too, but the inverse proposition is not
always true. That is, in general, the vanishing of the square norm ‖∇J‖2 does not
always imply the Ka¨hler condition ∇J = 0.
An almost complex manifold with Norden metric satisfying the condition ‖∇J‖2
to be zero is called an isotropic Ka¨hler manifold with Norden metric.
A special subclass of the investigated manifolds consisting of isotropic Ka¨hler but
non-Ka¨hler manifold with Norden metric is considered in [5]. In the next section we
will focus on this case.
2 The Quasi-Ka¨hler Manifolds with Norden Met-
ric
Let (M,J, g) be a quasi-Ka¨hler manifold with Norden metric (in short a W3-mani-
fold), i.e. it belongs to the class W3.
Proposition 2.1. The following properties are valid for an arbitrary W3-manifold.
(i)
(
∇XJ
)
JY +
(
∇Y J
)
JX +
(
∇JXJ
)
Y +
(
∇JY J
)
X = 0;
(ii) S
X,Y,Z
F (JX, Y, Z) = 0;
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(iii) S
Y,Z,U
(
∇XF
)
(Y, Z, U) = 0;
(iv) gij
(
∇XF
)
(ei, ej , z) = g
ij
(
∇XF
)
(z, ei, ej) = 0,
where S is the cyclic sum by three arguments.
Proof. The equalities (i) and (ii) are equivalent to the characteristic condition (1.5)
for the classW3. The defining equation of the covariant derivative of F , the condition
∇g = 0 and the definition (1.5) of W3 imply the equalities (iii) and (iv).
In [5] it is proved that on every W3-manifold the curvature tensor R satisfies the
following identity
(2.1)
R(X, JZ, Y, JU) +R(X, JY, U, JZ) +R(X, JY, Z, JU)
+R(X, JZ, U, JY ) +R(X, JU, Y, JZ) +R(X, JU, Z, JY )
+R(JX,Z, JY, U) +R(JX, Y, JU, Z) +R(JX, Y, JZ, U)
+R(JX,Z, JU, Y ) +R(JX,U, JY, Z) +R(JX,U, JZ, Y )
= − S
X,Y,Z
g
((
∇XJ
)
Y +
(
∇Y J
)
X,
(
∇ZJ
)
U +
(
∇UJ
)
Z
)
.
Let us consider an associated tensor of the Ricci tensor ρ defined by the equation
ρ∗(y, z) = gijR(ei, y, z, Jej) on an almost complex manifold with Norden metric.
The tensor ρ∗ is symmetric because of the first Bianchi identity.
By virtue of the identity (2.1) we get immediately the following
Lemma 2.2. For a W3-manifold (M,J, g) with the Ricci tensor ρ of ∇ and its
associated tensor ρ∗(y, z) = gijR(ei, y, z, Jej) we have
(i)
ρ∗(Jy, z) + ρ∗(y, Jz) + ρ(y, z)− ρ(Jy, Jz)
= −gijg
((
∇eiJ
)
y +
(
∇yJ
)
ei,
(
∇zJ
)
ej +
(
∇ejJ
)
z
)
;
(ii) ‖∇J‖2 = −2gijgklg
((
∇eiJ
)
ek,
(
∇elJ
)
ej
)
.
The last lemma and the identity (2.1) imply the next
Theorem 2.3. Let (M,J, g) be a W3-manifold. Then
‖∇J‖2 = −2(τ + τ ∗∗),
where τ is the scalar curvature of ∇ and τ ∗∗ = gijgklR(ei, ek, Jel, Jej).
Hence, the last theorem implies the following
Corollary 2.4. If (M,J, g) is an isotropic Ka¨hler W3-manifold then τ
∗∗ = −τ .
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According to [5], if (M,J, g), dimM ≥ 4, is aW3-manifold which has the Ka¨hler
property of R: R(X, Y, JZ, JU) = −R(X, Y, Z, U), then the norm
∥∥(∇xJ
)
x
∥∥2 van-
ishes for every vector x ∈ TpM .
Since
∥∥(∇xJ
)
x
∥∥2 = g
((
∇xJ
)
x,
(
∇xJ
)
x
)
= 0 holds, then applying the substi-
tutions x → x + y, primary, and x → x + z, y → y + u, secondary, we receive the
following condition
g
((
∇xJ
)
z,
(
∇yJ
)
u
)
+ g
((
∇xJ
)
u,
(
∇yJ
)
z
)
= 0.
Therefore, for the traces we have
gijgklg
((
∇eiJ
)
ek,
(
∇ejJ
)
el
)
= 0.
Having in mind (1.8) we obtain the following
Proposition 2.5. If (M,J, g), dimM ≥ 4, is a W3-manifold with Ka¨hler curvature
tensor, then it is isotropic Ka¨hlerian.
Let α1 and α2 be holomorphic 2-planes determined by the basis (x, Jx) and
(y, Jy), respectively. The holomorphic bisectional curvature h(x, y) of the pair of
holomorphic 2-planes α1 and α2 is introduced in [4] by the following way
(2.2) h(x, y) = −
R(x, Jx, y, Jy)√
{g(x, x)}2 + {g(x, Jx)}2
√
{g(y, y)}2 + {g(y, Jy)}2
,
where x, y do not lie along the totally isotropic directions, i.e. the quadruple of real
numbers
(
g(x, x), g(x, Jx), g(y, y), g(y, Jy)
)
does not coincide with the null quadru-
ple (0, 0, 0, 0). The holomorphic bisectional curvature is invariant with respect to
the basis of the 2-planes α1 and α2. In particular, if α1 = α2, then the holomor-
phic bisectional curvature coincides with the holomorphic sectional curvature of the
2-plane α1 = α2.
For arbitrary vectors x, y ∈ TpM we have the following equation
R(x, Jx, y, Jy) = −h(x, y)
√
{g(x, x)}2 + {g(x, Jx)}2
√
{g(y, y)}2 + {g(y, Jy)}2.
Let us note that R(x, Jx, y, Jy) is the main component of the curvature tensor on the
4-dimensional holomorphic space spanned by the frame {x, y, Jx, Jy}, which is con-
tained in TpM . Therefore, an important problem is the vanishing of R(x, Jx, y, Jy).
Theorem 2.6. Let (M,J, g), dimM ≥ 4, be a W3-manifold and x, y ∈ TpM . On
a 4-dimensional holomorphic space spanned by {x, y, Jx, Jy} in TpM the condition
R(x, Jx, y, Jy) = 0 is equivalent to the truthfulness of at least one of the following
conditions
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(i) the bisectional curvature of holomorphic 2-planes {x, Jx} and {y, Jy} van-
ishes, i.e. h(x, y) = 0;
(ii) the holomorphic 2-plane {x, Jx} is strongly isotropic,
i.e. g(x, x) = g(x, Jx) = 0;
(iii) the holomorphic 2-plane {y, Jy} is strongly isotropic,
i.e. g(y, y) = g(y, Jy) = 0.
Theorem 2.7. Let (M,J, g), dimM ≥ 4, be aW3-manifold and R(x, Jx, y, Jy) = 0
for all x, y ∈ TpM . Then (M,J, g) is an isotropic Ka¨hler W3-manifold.
Proof. Let the condition R(x, Jx, y, Jy) = 0 be valid. At first we substitute x + z
and y+u for x and y, respectively. According to the first Bianchi identity and (2.1),
we get
(2.3) R(x, Jy, z, Ju) +R(Jx, y, Jz, u)− R(x, Jy, Jz, u)− R(Jx, y, z, Ju) = 0
and two similar equations which imply the vanishing of the left side of (2.1). There-
fore
S
x,y,z
g
((
∇xJ
)
y +
(
∇yJ
)
x,
(
∇zJ
)
u+
(
∇uJ
)
z
)
= 0.
By contracting the last equation, having in mind (1.8), we receive the condition
‖∇J‖2 = 0.
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